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Magnetoelectric effects in honeycomb antiferromagnet Co4Nb2O9 are investigated on the basis of symmetry analyses
of Co2+ ions in trigonal P3¯c1 space group. For each Co2+ ion, the possible spin dependence is classified by C3 point-
group symmetry. This accounts for the observed main effect that an electric polarization rotates in the opposite direction
at the twice speed relative to the rotation of the external magnetic field applied in the ab-plane. Inversion centers and
twofold axes in the unit cell restrict the active spin-dependence of the electric polarization, which well explains the
observed experimental results. Expected optical properties of quadrupolar excitation and various types of dichroism are
also discussed.
1. Introduction
We propose that the honeycomb antiferromagnet
Co4Nb2O91) is a typical example for the investigation
of the magnetoelectric effects from a picture of quantum
spin systems. The magnetoelectric effects in A4B2O9 (A:
Co or Mn, B: Nb or Ta) system were found by Fischer and
coworkers a long time ago.2) Since the reports on a spin-flop
driven magneto-dielectric effect3) and a large magnetoelectric
coupling in Co4Nb2O9,4) this system attracted much atten-
tion.5–13) Among them, Khanh and coworkers investigated
the linear magnetoelectric effects in detail and found that
the electric polarization rotates in the opposite direction
at the twice speed relative to the rotation of the external
magnetic field applied in the basal ab-plane.6, 9) This point
was microscopically studied by Yanagi and coworkers from a
band picture under a strong antiferromagnetic (AF) molecular
field on the basis of the linear response theory.11, 12) They
revealed that the local spin-orbit interaction at the Co site and
the honeycomb lattice structure play an important role in the
linear magnetoelectric effect.
The research in multiferroic materials has achieved ma-
jor progress since the discovery of the large magnetoelec-
tric effect in TbMnO3.14) In the sinusoidal magnetic ordered
state, such as in TbMnO3, it was revealed that the inverse
Dzyaloshinskii-Moriya effect (or spin-current mechanism) is
the origin of the ferroelectricity. Here, the electric dipole op-
erator is described by the product of spin operators at dif-
ferent sites.15, 16) Another major origin of the spin-dependent
electric dipole is the metal-ligand hybridization mechanism,
where the electric dipole is described by the product of
spin operators at the same site. It is expected for a mag-
netic ion which occupies a site lacking the inversion sym-
metry. It successfully explains the ferroelectric polarization
in delafossite compounds Cu(Fe,Al)O2.17) The theory is also
applicable to the magnetic-field-controlled electric polariza-
tion18, 19) and optical properties including directional dichro-
ism in Ba2CoGe2O7.20–23)
As mentioned above, there are two types of spin-dependent
electric dipole. One is described by product of spin opera-
∗E-mail address: matsumoto.masashige@shizuoka.ac.jp
tors at different sites (type-I), whereas the other is by the
same site (type-II). Besides the microscopic origins of the
spin-dependent electric dipole, the possible spin dependences
were classified by symmetries for the type-I24, 25) and the type-
II.25, 26) The advantage of the theory is that the spin depen-
dence in the electric dipole operator can be obtained only
by considering symmetries of the magnetic ions without go-
ing into its microscopic origin. In particular, it demonstrates
power for complicated crystal structures and enables us to
analyze observed results. For the type-I theory, it was ap-
plied to a spin dimer system and revealed that the Bose-
Einstein condensation of magnons induces a ferroelectricity
in TlCuCl3.27, 28) It also explains forbidden transitions from
singlet to triplet states for electron spin resonance.29)
On the linear magnetoelectric effect in Co4Nb2O9, there
are theoretical works from the first principal calculation7) and
from the band picture11, 12) in the presence of the spin-orbit
interaction. So far, no theoretical work has been reported on
the basis of a quantum spin system. In this paper, we study the
magnetoelectric effects from the localized spin picture and ap-
ply the type-II theory to Co4Nb2O9, where a quadrupole op-
erator (product of spin operators at the same site) induces the
electric dipole. It is owing to the fact that the magnetic Co2+
ion in Co4Nb2O9 occupies a site lacking the inversion symme-
try and both quadrupole and electric dipole can be classified
in the same irreducible representation. We derive the spin-
dependent electric dipole operator at each Co site by means
of the symmetry analysis of Co4Nb2O9 and show that the av-
eraged value of the electric dipole accounts for the observed
electric polarization. It is important to present the spin-based
theory for the magnetoelectric effect in Co4Nb2O9. Indeed,
the symmetry analysis is easy to handle without going into
details and we can capture the essence of the magnetoelectric
effects in terms of the quadrupole. When we obtain the spin-
dependent electric dipole operator, we can use it to elucidate
related magnetoelectric effects such as optical properties for
experiments. As the expected optical effect in Co4Nb2O9, we
discuss spin-quadrupolar excitations30) and various types of
dichroism.
This paper is organized as follows. In Sec. 2, we de-
rive the spin-dependent electric dipole operator on the ba-
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Fig. 1. (Color online) Schematic of crystal structure of Co4Nb2O9.1, 10, 31)
(a) Honeycomb lattice structure formed by Co2+ ions (blue circles). We take
x, y, and z axes along the [11¯0], [110], and [001] directions, respectively.
The rhombus represents the unit cell. A and B are two Co sites in a regular
hexagon. In the AF ordered phase, the ordered moment aligns along the [11¯0]
direction. The moment is staggered on the A and B sites. The local symmetry
at the Co sites is represented by C3 point group. (b) Non-equivalent Co(1)
and Co(2) sites in a unit cell. There are four equivalent (a1, b1, a′1, b
′
1) and
(a2, b2, a′2, b
′
2) sites for the Co(1) and Co(2), respectively. Here, a and b cor-
respond to the A(up) and B(down) sites in the AF phase, respectively. The
Co2+ ions connected by solid lines form honeycomb lattices at various posi-
tions of z. The honeycomb lattices are not flat but are buckled in the z direc-
tion. We have four honeycomb lattices in the unit cell along the z direction.
There are inversion centers and twofold axes in a unit cell for the trigonal
P3¯c1 space group. In the z-axis, each small white circle represents the inver-
sion center, while each small black circle represents the twofold axis along
the y direction.
sis of the P3¯c1 space group and show that the rotation of
the electric polarization is the universal property in the pres-
ence of the threefold rotational symmetry. In Sec. 3, the spin-
based theory is applied to optical effects and discuss possi-
ble spin-quadrupolar excitation and observable dichroism in
Co4Nb2O9. The last section gives summary and discussions.
2. Spin-Dependent Electric Dipole
2.1 Crystal structure and AF order
A schematic of crystal structure of Co4Nb2O9 is shown
in Fig. 1.1, 10, 31) Co2+ ions form a honeycomb lattice struc-
ture along the ab-plane through O2− ions. The space group
is P3¯c1 and the local symmetry at the Co site is represented
by the C3 point group with no inversion symmetry at the
Co site.1, 10, 31) Non-equivalent Co sites are denoted by Co(1)
and Co(2). In the trigonal P3¯c1 space group, there are inver-
sion centers and twofold axes in a unit cell.32) For the Co(i)
(i = 1, 2) site, ai ↔ bi and a′i ↔ b′i sites are related by the
inversion center, while ai ↔ b′i and bi ↔ a′i sites are re-
lated by the twofold axis [see Fig. 1(b)]. Along the c-axis,
there are four honeycomb lattices in a unit cell. We have eight
Co2+ ions in total in the unit cell. The electric polarization is
obtained by adding the all contributions from the eight ions.
The local C3 point-group symmetry, inversion centers, and
twofold axes are the keys to understanding the magnetoelec-
tric effects in Co4Nb2O9.
In Co4Nb2O9, the magnetic Co2+ ion carries S = 3/2. It
was reported that Co4Nb2O9 undergoes an AF phase transi-
tion below the Ne´el temperature TN = 27.4 K.1, 3) Neutron
diffraction measurements revealed that the AF moment almost
lies parallel to the [11¯0] direction in the basal ab-plane, how-
ever, there is a minor discrepancy between the single crystal
and powder samples. The former reported that the AF mo-
ment slightly canted towards the c-axis from the ab-plane,6)
whereas the latter reported that the moment slightly canted in
the ab-plane and it showed a noncollinear structure.10) Since
the main common result is that the AF moment aligns in
the basal ab-plane, we assume this structure to capture the
essence of the magnetoelectric effects in Co4Nb2O9.
2.2 Spin-dependent electric dipole in C3 symmetry
Let us consider a magnetic ion inducing an electric dipole.
Since the electric dipole is even with respect to the time-
reversal transformation, it is described by product of spin op-
erators. The spin dependence is given by the following gen-
eral form (see, for instance, Ref. 25):
pα = KαβγS
βS γ. (α, β, γ = x, y, z) (2.1)
Here, pα is the α component of the electric dipole operator. S β
is the β component of the spin operator. Since the right-hand
side of Eq. (2.1) is proportional to product of spin operators,
Kαβγ is termed as a third-rank polar tensor. It is real and sym-
metric as Kαβγ = K
α
γβ. This assures the Hermitian nature of the
electric dipole operator. The local symmetry of the magnetic
ion is represented by the point group, where there are various
symmetry transformations. The electric dipole in the left-hand
side of Eq. (2.1) transforms as a polar vector by the symmetry
transformations, whereas the spin operator transforms as an
axial vector. Equation (2.1) indicates that the combination of
KαβγS
βS γ must transform as a polar vector and this restricts
the possible spin dependence. In the absence of the inver-
sion symmetry at the magnetic ion site, Kαβγ does not vanish.
The possible spin dependence of the electric dipole operator
is then classified by the point-group symmetry.25) Notice that
all the symmetrically-allowed spin dependences in the elec-
tric dipole can be taken into account without omission up to
the quadratic order of the spin operator. This classification
is equivalent to that for the piezoelectric tensor.33) For quan-
tum spin systems, a linear electric-field effect in paramag-
netic resonance was studied, where the electric field couples
to quadrupole operators.26) Since the electric field couples to
an electric dipole, the quadrupole operators correspond to an
electric dipole and the classification in Ref. 26 is equivalent
to that in Ref. 25.
For the C3 symmetry, the possible spin-dependent electric
dipole operator is given by25)
(
px
py
)
=
(
Ozx Ox
2−y2 Oyz Oxy
Oyz −Oxy −Ozx Ox2−y2
) 
K1
K2
K′1
K′2
 ,
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Fig. 2. (Color online) Schematic of sign changes in expectation values of
quadrupole operators. The solid arrow denotes the spin direction on the xy-
plane. The spin direction changes according to the rotation of the effective
magnetic field. The expectation value of the quadrupole operator is deter-
mined by the spin direction. + and − represent the sign of the expectation
value for the spin direction. For the present spin direction, for instance, the
expectation value is positive (+) for the all quadrupole operators.
pz = K3Oz
2
. (2.2)
Here, px, py, and pz are the x, y, and z components of the
electric dipole operator, respectively. Kn (n = 1, 2, 1′, 2′, 3)
are coefficients. In Eq. (2.2), quadrupole operators are defined
as
Oαβ = S αS β + S βS α, (α, β = x, y, z)
Ox
2−y2 = (S x)2 − (S y)2,
Oz
2
=
1√
3
[3(S z)2 − S2]. (2.3)
Here, S α is the α (α = x, y, z) component of the spin operator.
Notice that the quadrupole operators vanish for S = 1/2.
Let us consider a case where an effective magnetic field,
which includes external and molecular magnetic fields, is ap-
plied in a certain direction and suppose that the spin aligns in
a (θs, φs) direction in the polar coordinate. Here, θs and φs are
angles of the spin direction measured from the z- and x-axes,
respectively. In this case, the φs dependence of expectation
values of the quadrupole operators are
〈Ozx〉 ∝ cos φs, 〈Oyz〉 ∝ sin φs,
〈Oxy〉 ∝ sin 2φs, 〈Ox2−y2〉 ∝ cos 2φs,
〈Oz2〉 = constant. (2.4)
These hold for spin S ≥ 1 systems having the quadrupole de-
grees of freedom, as discussed in Appendix A. Schematic of
the expectation values of the quadrupole operators are shown
in Fig. 2. Thus, 〈pz〉 is constant for the spin rotation, while
〈px〉 and 〈py〉 vary with φs. The latter components are ex-
presses as(〈px〉
〈py〉
)
∝ K1
(
cos φs
sin φs
)
+ K′1
(
sin φs
− cos φs
)
+ K2
(
cos 2φs
− sin 2φs
)
+ K′2
(
sin 2φs
cos 2φs
)
= K1
(
cos φs
sin φs
)
+ K′1
(
cos(φs − pi2 )
sin(φs − pi2 )
)
(2.5)
+ K2
(
cos(−2φs)
sin(−2φs)
)
+ K′2
(
cos(−2φs + pi2 )
sin(−2φs + pi2 )
)
.
The first two components (K1 and K′1) indicate that the elec-
tric dipole rotates by φs with the spin rotation in the xy-plane,
while the last two components (K2 and K′2) indicate that it ro-
tates by −2φs, which is twice of the spin rotation in the oppo-
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Fig. 3. (Color online) Schematic of rotation of electric dipole moment in
the xy-plane. Circles represent Co2+ ions in C3 point-group symmetry. p1
and p2 represent electric dipole moments for the φs and −2φs rotation com-
ponents, respectively. At the initial position of the spin rotation, the electric
dipole moment aligns in a certain direction, since its phase is arbitrary for
the K1 and K′1 (K2 and K
′
2) component in p1 (p2), as shown in Eq. (2.5). (a)
For p1. After the spin rotation of φs, p1 rotates by φs in the same direction.
(b) For p2. After the spin rotation of φs, p2 rotates by 2φs in the opposite
direction. For φs = 120◦, p2 rotates by −240◦ = 120◦. Thus, the both p1 and
p2 are rotated by 120◦ when the spin rotates by 120◦, indicating that the C3
symmetry is satisfied.
site direction. Schematic of the rotation of the electric dipole
moment is shown in Fig. 3. In the C3 point group, the 120◦ ro-
tation around the z-axis is the symmetry operation. After the
120◦ spin rotation, the electric dipole must rotate by 120◦. The
component of the φs rotation satisfies this condition. Since the
−2×120◦ rotation is equivalent to the +120◦ rotation, the −2φs
rotation component also satisfies the condition. Thus, we em-
phasize that the 2 × φs rotation component must rotate in the
opposite direction relative to the spin rotation owing to the the
C3 symmetry. The presence of the −2φs rotation component
of the electric dipole is common to the C3, D3, C3v, C3h, and
D3h point group symmetries which have a threefold axis along
the z direction.25)
In cubic systems, there are also threefold axes along the
[111] and its equivalent directions. In this case, we can ex-
pect the same electromagnetic properties under the broken
inversion symmetry. T and Td are the point group symme-
tries that match the conditions. The possible spin-dependent
electric dipole operators for T and Td are listed in Ref. 25.
In Appendix B, we take the z˜-axis along the [111] direction,
whereas the x˜- and y˜-axes are taken perpendicular to the [111]
direction (see Fig. B·1). The electric dipole in the x˜y˜z˜ coordi-
nate is given by Eq. (B·7). Comparing Eqs. (2.2) and (B·7), we
find the following correspondence between the coupling con-
stants: (K1,K2,K′1,K
′
2,K3)↔ (− 1√3 K,
√
2
3 K, 0, 0,K). This in-
dicates that the both φs and −2φs rotation components of the
electric dipole exist in the cubic systems. In addition, notice
that the ratio of the couplings for the two components (K1/K2)
is fixed as the consequence of the group-theoretical analysis.
These points can be checked by experiments in the cubic (T
and Td) systems.
Thus, it is the universal property that the electric dipole ro-
tates with the rotation of the spin around the threefold axis
when a magnetic ion (S ≥ 1) occupies a site lacking the in-
version symmetry. There are two components. One rotates in
the same direction of the spin, while the other rotates in the
3
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opposite direction at the twice speed.
2.3 Spin-dependent electric dipole in Co4Nb2O9
In Co4Nb2O9, the honeycomb structure consists of non-
equivalent Co(1) and Co(2) sites, as shown in Fig. 1. We focus
on the Co(1) site here, since the same discussion holds for the
Co(2) site. The four equivalent sites for the Co(1) are related
by the inversion center and the twofold axis. This holds for
the spin-dependences of the electric dipoles of those sites. For
the site-index of Co(1) shown in Fig. 1(b), we use (a, b, a′, b′)
here instead of (a1, b1, a′1, b
′
1) for simplicity.
As in Eq. (2.2), the spin-dependent electric dipole operator
on the a site is given by
(
pxa
pya
)
=
Ozxa Ox2−y2a Oyza OxyaOyza −Oxya −Ozxa Ox2−y2a


K1
K2
K′1
K′2
 ,
pza = O
z2
a K3. (2.6)
Here, (pxa, p
y
a, pza) is the electric dipole at the a site. O
αβ
a (α =
x, y, z) and Ox
2−y2
a are quadrupole operators at the a site.
In the P3¯c1 space group, there is a inversion center be-
tween the a and b sites [see Fig. 1(b)]. The inversion operation
transforms (x, y, z) → (−x,−y,−z). The electric dipole oper-
ator is transformed as (pxa, p
y
a, pza) → (−pxb,−pyb,−pzb). The
spin operators are transformed as (S xa, S
y
a, S za)→ (S xb, S yb, S zb).
The quadrupole operators are transformed as Oma → Omb
(m = zx, xy, yz, x2 − y2, z2). The electric dipole at the b site
is then expressed with the coefficients for the a site as
(
pxb
pyb
)
=
Ozxb Ox2−y2b Oyzb OxybOyzb −Oxyb −Ozxb Ox2−y2b


−K1
−K2
−K′1−K′2
 ,
pzb = −Oz
2
b K3. (2.7)
Next, we consider the twofold axis. The a and b′ sites
are related by the twofold axis, as shown in Fig. 1(b).
The pi rotation along the y-axis transforms (x, y, z) →
(−x, y,−z). The electric dipole operator is transformed as
(pxa, p
y
a, pza) → (−pxb′ , pyb′ ,−pzb′ ). The spin operators are trans-
formed as (S xa, S
y
a, S za) → (−S xb′ , S yb′ ,−S zb′ ). The quadrupole
operators are transformed as (Ozxa ,O
xy
a ,O
yz
a ,O
x2−y2
a ,Oz
2
a ) →
(Ozxb′ ,−Oxyb′ ,−Oyzb′ ,Ox
2−y2
b′ ,O
z2
b′ ). The electric dipole at the b
′ site
is then expressed as
(
pxb′
pyb′
)
=
Ozxb′ Ox2−y2b′ Oyzb′ Oxyb′Oyzb′ −Oxyb′ −Ozxb′ Ox2−y2b′


−K1
−K2
K′1
K′2
 ,
pzb′ = −Oz
2
b′K3. (2.8)
We consider next the a′ site. The a′ and b′ sites are related
by the inversion center. The electric dipole at the a′ site is then
expressed as
(
pxa′
pya′
)
=
Ozxa′ Ox2−y2a′ Oyza′ Oxya′Oyza′ −Oxya′ −Ozxa′ Ox2−y2a′


K1
K2
−K′1−K′2
 ,
pza′ = O
z2
a′K3. (2.9)
Notice that Eq. (2.9) can be obtained from Eq. (2.7) by the
transformation of the twofold axis. This means that the ob-
tained relations in Eqs. (2.6), (2.7), (2.8), and (2.9) are con-
sistent. In addition to the inversion and twofold rotation sym-
metries, there is c-glide symmetry in the P3¯c1 space group.32)
Since the c-glide can be reproduced by the combination of the
inversion and twofold transformations,34) it does not alter the
result of Eqs. (2.6), (2.7), (2.8), and (2.9).
Finally, we discuss the expectation value of the total elec-
tric dipole. Since the magnetic structure is uniform along the
c-axis, it is the same for the A (a, a′) and B (b, b′) sites (see
Fig. 1). The expectation values of the quadrupole operators
satisfy 〈Oma 〉 = 〈Oma′〉 ≡ 〈OmA〉 and 〈Omb 〉 = 〈Omb′〉 ≡ 〈OmB〉. Af-
ter adding the contributions from the four sites, we obtain the
following total electric dipole per a unit cell (electric polar-
ization) for the Co(1) site:(〈Px〉
〈Py〉
)
=
(〈pxa + pxa′ + pxb + pxb′〉〈pya + pya′ + pyb + pyb′〉
)
= 2
〈OzxA 〉 − 〈OzxB 〉 〈Ox2−y2A 〉 − 〈Ox2−y2B 〉〈OyzA 〉 − 〈OyzB 〉 − (〈OxyA 〉 − 〈OxyB 〉)
 (K1K2
)
,
〈Pz〉 = 〈pza + pza′ + pzb + pzb′〉
= 2
(
〈Oz2A 〉 − 〈Oz
2
B 〉
)
K3. (2.10)
Here, the K′1 and K
′
2 components vanish by cancellation of the
A and B sites.
The same result can be obtained for the Co(2) site, al-
though the coupling constants (K1,K2,K3) may be different
from those of the Co(1) site. When we add the contributions
from the Co(1) and Co(2) sites, the coupling constants are
modified as K˜n = Kn(1)+Kn(2) (n = 1, 2, 3). Here, Kn(1) is for
the Co(1) site, whereas Kn(2) is for the Co(2) site. Thus, Eq.
(2.10) provides the possible spin dependence of the electric
polarization in Co4Nb2O9. In the next subsection, we explain
the observed electromagnetic effect.
2.4 Magnetic field-induced electric dipole in Co4Nb2O9
Co4Nb2O9 shows an AF long-range order below the Ne´el
temperature. The ordered moment aligns in the ab-plane ow-
ing to the strong easy-plane single-ion anisotropy.6, 9, 10) Under
a finite magnetic field applied in the ab-plane, the AF moment
shows the tendency to align perpendicular to the field in the
plane. The schematic of the magnetic moment under the field
is shown in Fig. 4(a). Expectation values of the spin operators
at the A and B sites can be expressed as〈S
x
A〉〈S yA〉〈S zA〉
 =
 S ⊥ sin(θ + ϕ)−S ⊥ cos(θ + ϕ)S ‖
 ,〈S
x
B〉〈S yB〉〈S zB〉
 =
−S ⊥ sin(θ − ϕ)S ⊥ cos(θ − ϕ)S ‖
 . (2.11)
Following Ref. 9, we take θ as the angle of the external mag-
netic field in the ab-plane (see Fig. 4). ϕ is a canting angle of
the magnetic moment. It can be determined by a mean-field
theory under the external field. S ⊥ and S ‖ are constants for
the ab-plane and the z components of the expectation values,
4
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Fig. 4. (Color online) Schematic of the magnetic structure under a finite
magnetic field applied in the ab-plane. A and B represent the two Co sites.
SA and SB represent the magnetic moment at the A and B sites, respectively.
(a) For field-rotating process. θ is the angle of the field measured from the
x-axis. The AF moment tends to align perpendicular to the field H. ϕ is the
canting angle of the magnetic moment. A net magnetic moment is induced
by the canting. (b) For field-sweeping process. The direction of the magnetic
field is reversed.
respectively. We assume that the external magnetic field has a
z component and there is a finite moment along the z-axis, i.e.
S ‖ , 0. Expectation values of the quadrupole operators at the
A and B sites can be expressed as
〈OzxA 〉〈OyzA 〉
〈Ox2−y2A 〉〈OxyA 〉
〈Oz2A 〉

=

O1 sin (θ + ϕ)
−O1 cos (θ + ϕ)
−O2 cos 2(θ + ϕ)
−O2 sin 2(θ + ϕ)
Oz
 ,

〈OzxB 〉〈OyzB 〉
〈Ox2−y2B 〉〈OxyB 〉
〈Oz2B 〉

=

−O1 sin (θ − ϕ)
O1 cos (θ − ϕ)
−O2 cos 2(θ − ϕ)
−O2 sin 2(θ − ϕ)
Oz
 . (2.12)
Here, O1, O2 and Oz are constants which can be determined
by the easy-plane anisotropy and the effective magnetic field.
Now, the θ dependence of the expectation values of the
quadrupole operators are expressed by the canting angle ϕ
and the three constants (O1, O2, and Oz). After substituting
Eq. (2.12) into Eq. (2.10), we obtain(〈Px〉
〈Py〉
)
= 4K˜1O1 cosϕ
(
sin θ
− cos θ
)
+ 4K˜2O2 sin 2ϕ
(
sin 2θ
cos 2θ
)
, (2.13)
〈Pz〉 = 0.
Here, K˜1 and K˜2 are coupling constants for the total electric
polarization [see the discussion below Eq. (2.10)]. This indi-
cates that no electric polarization is induced in the z direction.
It is owing to the inversion center (or twofold axis) located at
the center of the A and B Co sites. At each Co site, the spin-
dependent electric dipole operator can exist in the from given
by Eq. (2.2), however, Eq. (2.13) indicates that the K′1, K
′
2,
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Fig. 5. (Color online) Schematics of spin configuration on the honeycomb
lattice and sign changes in expectation values of quadrupole operators for
H ‖ [11¯0] (θ = 0). Notice that the x and y coordinates are taken differ-
ently from Fig. 2. SA and SB represent the spin direction at the A and B
sites, respectively. The spin direction changes with the rotation of the external
magnetic field and the expectation values of the quadrupole operators change
accordingly. This determines the electric polarization through Eq. (2.10).
and K3 components are not active in the electric polarization.
Under the magnetic field H ‖ [11¯0], for instance, we show
schematics of spin configuration and expectation values of
quadrupole operators in Fig. 5. We can see that 〈OzxA 〉 = 〈OzxB 〉,
〈Ox2−y2A 〉 = 〈Ox
2−y2
B 〉, 〈OxyA 〉 = − 〈OxyB 〉, and 〈OyzA 〉 = − 〈OyzB 〉.
From Eq. (2.10), these indicate that 〈px〉 = 0 and 〈py〉 , 0
and the electric polarization appears in the [110] direction for
H ‖ [11¯0] (see Fig. 5).
In the absence of the external magnetic field (H = 0), the
magnetic structure is collinear (ϕ = 0) and O1 = 0 in Eq.
(2.13). Therefore, the polarization does no appear. From a
symmetry point of view, this can be understood as follows.
The crystal structure has the inversion symmetry, as shown
in Fig. 1. Below the Ne´el temperature, the magnetic struc-
ture breaks the inversion symmetry. However, the AF struc-
ture for H = 0 possesses an IΘ symmetry transformation.
Here, I and Θ are inversion and time-reversal operations, re-
spectively. The ground state |g〉 is then an eigenstate of IΘ as
IΘ|g〉 = λ|g〉 with |λ|2 = 1. In this case, the expectation value
of electric polarization P is calculated as35)
〈g|P|g〉 = 〈Θg|ΘPΘ−1|Θg〉
= 〈IΘg|IPI−1|IΘg〉
= − 〈g|P|g〉 . (2.14)
Here, we used ΘPΘ−1 = P, IPI−1 = −P, and |λ|2 = 1. Equa-
tion (2.14) indicates that 〈g|P|g〉 = 0 owing to the IΘ symme-
try transformation. Thus, the electric polarization disappears
in the absence of the external magnetic field. Under a finite
magnetic field, IΘ is not a symmetry transformation any more
and the polarization can be finite.
2.4.1 2θ-rotation component
As revealed by Khanh and coworkers, the electric polariza-
tion appears in the ab-plane when an external magnetic field
5
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Fig. 6. (Color online) Schematic of rotation of the electric polarization
with the rotation of the external magnetic field. (a) 2θ-rotation component.
The direction of the magnetic field rotates by θ in the clockwise direction in
the ab-plane. The electric polarization rotates by 2θ in the counterclockwise
direction. This picture is essentially the same as Fig. 4(a) in Ref. 9. Here, we
assumed a negative coupling constant (K˜2 < 0) to compare the result with the
experiment.9) (b) θ-rotation component. In this case, it is assumed that the
magnetic field has a z component as well. The electric polarization rotates by
θ in the clockwise direction.
is applied in the ab-plane. The direction of the polarization ro-
tates by 2θ in the opposite direction relative to the θ rotation of
the magnetic field.6, 9) This property can be understood by the
second component proportional to K˜2 in Eq. (2.13). The in-
duced electric polarization shows the 2θ rotation in the oppo-
site direction of that of the external magnetic field, as shown
in Fig. 6(a). When the field is applied in the ab-plane, no mag-
netic moment is induced in the z direction and the expectation
values of the quadrupole operators are 〈Ozx〉 = 〈Oyz〉 = 0, i.e.
O1 = 0 in Eq. (2.13). Therefore, only the 2θ-rotation compo-
nent remains and this is in agreement with the experimental
result.
Another interesting experimental result is that the electric
polarization shows a linear magnetic-field dependence and
changes its sign when the direction of the magnetic field is
reversed (field-sweeping process).6, 9) This is also explained
by the 2θ-rotation component in Eq. (2.13). When the mag-
netic field is reversed, the magnetic moments align as shown
in Fig. 4(b). This indicates that the canting angle is reversed
as ϕ → −ϕ. The coefficient sin 2ϕ for the 2θ-rotation compo-
nent in Eq. (2.13) changes as sin 2ϕ → − sin 2ϕ. For a weak
external magnetic field H, the canting angle ϕ is small and
sin 2ϕ ∝ H is expected. The value of O2 in Eq. (2.13) is deter-
mined by the molecular field and is almost independent of H.
Thus, the magnitude of the 2θ-rotation component is propor-
tional to H and we can understand the linear electromagnetic
effect of the field-sweeping process. Although the directions
of the magnetic fields are the same for both field-rotating and
field-sweeping processes, the spin configurations are differ-
ent as shown in Fig. 4. This is the reason why the different
response to the external magnetic field is observed in the in-
duced electric polarization.
2.4.2 θ-rotation component
The first component proportional to K˜1 in Eq. (2.13) rep-
resents an electric polarization whose direction rotates by
θ in the same direction of the external magnetic field [see

Fig. 7. (Color online) Schematic of the magnetic structure under the mag-
netic field in the z direction. The AF moment aligns in the x direction, which
is parallel to the easy-axis ([11¯0] direction). The electric polarization P in-
duced in the x direction is owing to a finite uniform magnetic moment in the
z direction.
Fig. 6(b)]. The θ rotation originates from the Ozx and Oyz
quadrupoles, as shown in Eq. (2.12). This component can be
present when the external magnetic field inclines toward the z
direction from the ab-plane. When the applied magnetic field
has a finite z component, i.e. Hz , 0, we can expect finite
values of S ‖ and O1 in Eqs. (2.11) and (2.12), respectively. In
this case, the θ-rotation component in Eq. (2.13) emerges in
addition to the 2θ-rotation one. The characteristic point of the
emergent component is that the electric polarization rotates in
the same direction relative to the rotation of the external mag-
netic field, i.e., it rotates by θ in the opposite direction relative
to the 2θ-rotation component (see Fig. 6). The magnitude of
the θ-rotation component is proportional to Hz for weak Hz,
since O1 ∝ Hz and cosϕ ' 1 in Eq. (2.13).
In the absence of the external magnetic field, it is reported
that the ordered moment aligns in the [11¯0] direction.6, 9, 10)
This indicates that there is a weak easy-axis anisotropy in the
ab-plane. It appears as the spin-flop transition when the mag-
netic field is applied in the [11¯0] direction.3, 5, 6, 9) Let us dis-
cuss a case when a magnetic field is applied along the z direc-
tion, where the AF moment aligns in the [11¯0] direction with
a finite uniform moment in the z direction. As shown in Fig.
7, this magnetic structure corresponds to the case of θ = pi and
ϕ = 0 in Eq. (2.13). In this case, the 2θ-rotation component
is not induced in the absence of the canting angle (ϕ = 0). In
contrast to this, the expectation value of the Ozx quadrupole
can be finite. For a weak magnetic field, O1 ∝ H and the elec-
tric polarization appears in the x direction as 〈px〉 ∝ H. It is
worthwhile to explore the above properties of the θ-rotation
component in Co4Nb2O9 by future experiments.
3. Optical Properties
Optical properties are also unique in the presence of mag-
netoelectric effects. In this section, we theoretically study pos-
sible optical absorption in Co4Nb2O9, where the electric field
component of light can participate in the excitation process as
well as the magnetic component. This can appear as various
types of dichroism, as in other multiferroic materials.
3.1 Paramagnetic phase
It is known that breaking both inversion and time-reversal
symmetries are required for the appearance of nonrecipro-
cal light propagation.36–38) As for directional dichroism, we
give a short explanation in Appendix C for the later conve-
nience. In the paramagnetic phase above the Ne´el tempera-
ture, Co4Nb2O9 has the inversion symmetry even in the pres-
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Fig. 8. (Color online) Schematic of energy level scheme for H ‖ z. Possible
transitions are separately shown for (S x, S y), (Oyz,Ozx), and (Oxy,Ox
2−y2 ).
ence of an external magnetic field. Therefore, the directional
dichroism does not appear in the paramagnetic phase. On the
other hand, the electric dipole described by the quadrupole
operators can cause a unique response to light absorption. We
derive these from a microscopic model for a finite magnetic
field parallel to the z direction.
Following Ref. 25, we consider the following local Hamil-
tonian:
H = H0 +H ′,
H0 = D(S z)2 − gµBHzS z,
H ′ = −gµBHω · S − Eω · p. (3.1)
H0 is the spin Hamiltonian under an external field. D(> 0)
represents the easy-plane anisotropy, g is the g-factor, µB is
the Bohr magneton, and Hz is the external static magnetic field
applied in the z direction. H ′ is the interaction Hamiltonian
between the spin and electromagnetic fields (Eω and Hω) with
ω as their angular frequency. H ′ leads to optical absorption
and we take it as a perturbation. For Co4Nb2O9, matrix forms
of the spin operators for S = 3/2 are given by Eq. (E·1).
The spin Hamiltonian H0 in Eq. (3.1) is already diagonal.
The energy eigenstates are expressed as |m〉 with m = ± 12 ,± 32
as their S z values. For low fields, the energy level scheme is
shown in Fig. 8. We discuss Eω ‖ x and Hω ‖ y configuration.
In this case,H ′ is expressed as
H ′ = −gµBHωS y − Eωpx (3.2)
= −hωS y − eω1 Ozx − eω1′Oyz − eω2 Ox
2−y2 − eω2′Oxy,
where hω = gµBHω, eω1 = K1E
ω, eω1′ = K
′
1E
ω, eω2 = K2E
ω,
and eω2′ = K
′
2E
ω. In Eq. (3.2), we used Eq. (2.2) for px. Matrix
forms of the quadrupole operators for S = 3/2 are given by
Eq. (F·1). The transition probability from the m to l states is
given by the following Fermi’s Golden rule:
Wm→l = 2pi
∣∣∣〈l|H ′|m〉∣∣∣2 δ(ω − ∆Elm). (3.3)
Here, ~ = 1 and ∆Elm = El − Em represents the energy differ-
ence between the two states. The energy eigenvalue are given
by E± 12 =
1
4 D ∓ 12 gµBHz and E± 32 = 94 D ∓ 32 gµBHz. There
are two channels in the excitation processes byH ′: magnetic
channel via S y and electric channel via Ozx, Oyz, Ox
2−y2 and
Oxy, as shown in Eq. (3.2). The matrix elements of those op-
erators are given in Eqs. (E·1) and (F·1). The possible exci-
tation processes are summarized in Fig. 8, and the transition
probabilities are given by
W 1
2→− 12 = 2pi(h
ω)2δ(ω − gµBHz), (3.4)
W 1
2→ 32 = 6pi
(hω2 + eω1′
)2
+ (eω1 )
2
 δ(ω − 2D + gµBHz),
W 1
2→− 32 = 6pi
[
(eω2 )
2 + (eω2′ )
2
]
δ(ω − 2D − 2gµBHz).
The 12 → − 12 transition is pure magnetic and the resonance
frequency is given by ω = gµBHz. In the 12 → 32 transition of
ω = 2D−gµBHz, both the magnetic and electric channels con-
tribute to the transition. Since the matrix elements of S y and
Oyz are pure imaginary, the ( h
ω
2 +e
ω
1′ )
2 = ( gµBH
ω
2 +K
′
1E
ω)2 term
appears. The resulting K′1H
ωEω term is proportional to K′1
and it has different values when the propagating direction of
light is reversed, i.e. (Eω,Hω) → (−Eω,Hω) or (Eω,Hω) →
(Eω,−Hω). This means the directional dichroism. However,
the coefficient K′1 is staggered between the (a, b
′) ↔ (b, a′)
sites, as in Eqs. (2.6), (2.7), (2.8), and (2.9). Owing to the
cancellation of these terms, the directional dichroism does not
appear in the paramagnetic phase, as expected.
In Eq. (3.4), there is an interesting transition of 12 → − 32 . It
is pure electric and the resonance frequency is given by ω =
2D+2gµBHz. The slope of Hz in ω is twice as that of the 12 →
− 12 case, i.e. quadrupolar excitation.30) This is owing to the
fact that the Ox
2−y2 and Oxy quadrupole operators have a finite
matrix element when the S z values differ ±2 [see Eq. (F·1)].
Notice that this also results in the 2θ rotation component of
the electric dipole, as discussed in the previous section.
3.2 Ordered phase
In the ordered phase, a spontaneous magnetic moment ap-
pears along the x direction. The moment is staggered between
the (a, a′) ↔ (b, b′) sites and it breaks the inversion symme-
try. Since the both inversion and time-reversal symmetries are
broken, we can expect various types of dichroism below the
Ne´el temperature.
3.2.1 Symmetry analysis
The absorption rate is proportional to the following matrix
element:
| 〈 f |
(
Hs +Hp
)
|i〉 |2. (3.5)
Here, |i〉 and | f 〉 are initial and final states, respectively. We
assume that they have no degeneracy. Hs = −gµBHω · S and
Hp = −Eω · P are perturbation Hamiltonians for the magnetic
and electric channels, respectively. Here, S and P represent
total spin and total electric dipole (polarization) operators,
respectively. Hω and Eω are magnetic and electric fields of
light, respectively. Since we only consider absorption process
in Eq. (3.5), Hω and Eω are complex for circularly polarized
light.
First, we study a case in the absence of the external mag-
netic field (H = 0). The AF moment aligns in the easy axis
along the x direction. In this case, there still remains the
twofold symmetry around the y-axis shown in Fig. 1. The
twofold rotational operation C2y restricts the possible dichro-
ism as follows. Since the Hamiltonian is invariant under the
C2y transformation, the energy eigenstates are also eigen-
states of C2y, i.e. C2y|i〉 = λi|i〉 and C2y| f 〉 = λ f | f 〉 with
|λi| = |λ f | = 1. The matrix element in Eq. (3.5) is calculated
as
| 〈 f |(Hs +Hp)|i〉 |2 = | 〈C2y f |C2y(Hs +Hp)C−12y |C2yi〉 |2
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= | 〈 f |C2y(Hs +Hp)C−12y |i〉 |2.
(3.6)
For C2y, S and P are transformed as C2y(S x, S y, S z)C−12y =
(−S x, S y,−S z) and C2y(Px, Py, Pz)C−12y = (−Px, Py,−Pz), re-
spectively.39) This means that the absorption rate is invariant
under the following transformation for the electromagnetic
fields:
(Eωx , E
ω
y , E
ω
z )→ (−Eωx , Eωy ,−Eωz ),
(Hωx ,H
ω
y ,H
ω
z )→ (−Hωx ,Hωy ,−Hωz ). (3.7)
This restricts the possible dichroism in the AF(H = 0) phase.
In Tables C·1 and D·1 in Appendix D, we list the trans-
formed electromagnetic fields for circularly and linearly po-
larized lights, respectively.
Next, we discuss a case under a finite external magnetic
field along the z direction (H ‖ z). In this case, a uniform
magnetic moment in the z direction also appears in addition
to the AF moment. Then, the C2y symmetry shown in Fig. 1
is broken owing to the z component of the magnetic moment.
Let us consider the symmetry transformation under the field.
The crystal structure of Co4Nb2O9 has a c-glide symmetry
with respect to the mirror operation perpendicular to the y di-
rection.32) We describe σcy as the c-glide operation. We can
see that the magnetic structure under the field is invariant un-
der the σcyΘ operation. Then, the energy eigenstates are also
eigenstates of the symmetry transformation of σcyΘ. Notice
that the absolute value of the eigenvalue is unity. In the same
way as Eq. (3.6), the matrix element is calculated as35)
| 〈 f |(Hs +Hp)|i〉 |2 = | 〈Θi|Θ(H†s +H†p)Θ−1|Θ f 〉 |2
= | 〈σcyΘi|σcy(−Hs +Hp)(σcy)−1|σcyΘ f 〉 |2
= | 〈i|σcy(−Hs +Hp)(σcy)−1| f 〉 |2
= | 〈 f |σcy(−H†s +H†p)(σcy)−1|i〉 |2. (3.8)
Here, we used ΘH†s Θ−1 = Θ[−gµB(Hω)∗ · S]Θ−1 =
gµBHω · S = −Hs and ΘH†pΘ−1 = Θ[−(Eω)∗ · P]Θ−1 =
−Eω · P = Hp. For the c-glide operation, S and P are
transformed as σcy(S
x, S y, S z)(σcy)
−1 = (S x,−S y, S z) and
σcy(P
x, Py, Pz)(σcy)
−1 = (−Px, Py,−Pz).40) This means that the
absorption rate is invariant under the following transforma-
tion:
(Eωx , E
ω
y , E
ω
z )→ (−Eωx , Eωy ,−Eωz )∗,
(Hωx ,H
ω
y ,H
ω
z )→ (−Hωx ,Hωy ,−Hωz )∗, (3.9)
which is equivalent to Eq. (3.7) except for the complex con-
jugate operation. This restricts the possible dichroism in the
AF(H = 0) and AF(H ‖ z) phases. For linearly polarized light,
Hω and Eω are real and Eqs. (3.7) and (3.9) become identical.
In this case, the property of dichroism becomes the same in
the AF(H = 0) and AF(H ‖ z) phases for the linearly polar-
ized light. It can be different for circularly polarized light. We
list the transformed electromagnetic fields in Tables C·1 and
D·1.
From Tables C·1 and D·1, optical property of dichroism is
obtained and we summarize the result in Table I. Strong char-
acteristic property appears when the light propagates in the
y direction. In this case, directional dichroism (DD) always
Table I. Observable dichroism in various phases of Co4Nb2O9. Para, AF0,
and AFH represent the paramagnetic, AF(H = 0), and AF(H ‖ z) phases, re-
spectively. Circular dichroism (CD) is defined by WL(±) , WR(±), where
WL(±) and WR(±) represent the absorption rates for left and right circularly
polarized lights propagating along the ± directions of a certain axis, respec-
tively. Natural circular dichroism (NCD) is defined by WL(±) , WR(∓).
Magnetic circular dichroism (MCD) is defined by WL(±) , WL(∓) and
WR(±) , WR(∓). Directional dichroism (DD) is defined by W(±) , W(∓),
where W(±) represents the absorption rates for linearly polarized lights prop-
agating along the ± directions of a certain axis, respectively. I, Θ, C2y, and
σcy represent the inversion, time-reversal, twofold rotation around the y-axis,
and the c-glide operations, respectively. In the Para phase, both I and Θ re-
main, which is represented by the symbol “◦”, and the dichroism does not
appear. This is represented by the symbol “−” in the table. In the ordered
phases, in contrast, both I and Θ are broken, which are represented by the
symbol “−”, and various types of dichroism can appear in principal. The re-
maining symmetries of C2y and σcyΘ, however, restrict the possible dichro-
ism in the ordered phases. CD is observable in the AFH phase with a light
propagating in the x or z directions, which are represented by the symbols
“x” and “z”, respectively. NCD, MCD, and DD are observable in the ordered
phases with a light propagating in the y direction. This is represented by the
symbol “y”. For a light propagating in the x or z directions, MCD and DD
are observable as shown below. In this case, DD becomes exceptionally un-
observable when the light is polarized linearly along the principal axes as
(Eω,Hω) = (Eωy ey,Hωz ez), (Eωz ez,Hωy ey), (Eωx ex,Hωy ey), (Eωy ey,Hωx ex). Here,
ex and ey represent the unit vectors along the x- and y-axes, respectively. In
this sense, the symbol (x, z) is used for DD. In the AF0 phase, IΘ is also a
symmetry transformation, as discussed in Eq. (2.14). Since this transforma-
tion is equivalent to σcyΘC2y in the matrix element of Eq. (3.5), IΘ does not
alter the result.
I Θ C2y σcyΘ CD NCD MCD DD
Para ◦ ◦ ◦ ◦ − − − −
AF0 − − ◦ ◦ − y y y, (x, z)
AFH − − − ◦ x, z y x, y, z y, (x, z)
	
	  
Fig. 9. (Color online) Schematic of light propagation to probe various
types of dichroism in the ordered phases of Co4Nb2O9. We assume that the
AF moment aligns in the x direction. External magnetic field is applied in the
z direction. DD, NCD, and MCD are observable when the light propagates in
the y direction, which is perpendicular to the AF moment and the symmetrical
z-axis.
appears for linearly polarized light. In addition, both natural
circular dichroism (NCD) and magnetic circular dichroism
(MCD) are observable. On the other hand, circular dichro-
ism (CD) is unobservable. In Co4Nb2O9, the y direction is the
special one for the optical property, in which various types of
dichroism are observable (see Table I). We propose a mea-
surement with a light propagating in the y direction as shown
in Fig. 9.
3.2.2 Analysis of directional dichroism with microscopic
model
In this sub-subsection, we focus on the light propagating in
the special y direction specific to Co4Nb2O9. We discuss the
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Fig. 10. (Color online) Molecular field hMF dependence of the energy
eigenstates. Here, the molecular field is along the x direction. EG is the
ground state energy, and Em (m = T1,L,T2) are the energies for the excited
states.
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Fig. 11. (Color online) Schematic of energy level scheme under the molec-
ular field in the x direction. Nonzero transitions by the operators are shown
for transverse (S y, S z, Ozx, Oxy) and longitudinal (S x, Oyz, Ox
2−y2 , Oz2 ) exci-
tations. A magnetic moment is induced in the x direction under the molecular
field. For the transverse excitations, the |T1〉 and |T2〉 states are excited from
the ground state by the transverse spin components (S y and S z). On the other
hand, for the longitudinal excitation, the |L〉 state is excited by the longitudi-
nal spin component (S x), as in the Ba2CoGe2O7 case.20, 41–43)
directional dichroism within a microscopic model and con-
sider the following local Hamiltonian for H = 0:
H0 = D(S z)2 − hMFS x. (3.10)
Here, hMF represents the molecular field. H0 can be diago-
nalized analytically for S = 3/2. The hMF dependence of the
energy eigenstates are shown in Fig. 10. They are expressed
as |m〉 (m = G,T1,L,T2), where L and T represent the
longitudinal and transverse excited states, respectively. There
is a longitudinal excited state, as in Ba2CoGe2O7.20, 41–43)
The energy level scheme is shown in Fig. 11. We notice
that the local Hamiltonian H0 is invariant under the pi
rotation around the x-axis, namely C2x. Since the spin and
quadrupole operators are transformed as C2x(S x, S y, S z)C−12x =
(S x,−S y,−S z) and C2x(Oyz,Ozx,Oxy,Ox2−y2 ,Oz2 )C−12x =
(Oyz,−Ozx,−Oxy,Ox2−y2 ,Oz2 ), they are classified in two dif-
ferent groups as (S y, S z,Ozx,Oxy) and (S x,Oyz,Ox
2−y2 ,Oz2 ),44)
as shown in Fig. 11.
First, we study the (Eωz ,H
ω
x ) configuration. This is ex-
pressed by the following perturbation Hamiltonian [see Eq.
(2.2)]:
H ′ = −hωS x − eω3 Oz
2
, (3.11)
Table II. Relation of coupling constant Kn (n = 1, 2, 1′, 2′, 3) and matrix
elements of operators between various (a, b, a′, b′) sites. We chose the value
at the a site as the standard value. The relations for Kn is taken from Eqs.
(2.6), (2.7), (2.8), and (2.9). The matrix elements mean 〈G|S |m〉 and 〈m|O|G〉
for the spin and quadrupole operators, respectively. Here, m = L for the L-
mode, whereas m = T1 or f = T2 for the T-mode. The symmetry analysis
of the matrix elements is given in Ref. 45. After the summation over the four
sites, the fme(hMF) term in Eq. (3.12) remains in the (K3Oz
2
, S x) combination
for the L-mode. This is consistent with the (Eωz ,H
ω
x ) configuration. For the
T-mode, it remains in the (K1Ozx, S z) combination and is consistent with the
(Eωx ,H
ω
z ) configuration. The fme(hMF) term vanishes for other combinations
of KnO and S , owing to the cancellation over the four sites.
a b a′ b′
K1 + − + −
K2 + − + −
K′1 + − − +
K′2 + − − +
K3 + − + −
Ozx + − + −
Ox
2−y2 + + + +
Oyz + − + −
Oxy + + + +
Oz
2
+ + + +
K1Ozx (px, T-mode) + + + +
K2Ox
2−y2 (px, L-mode) + − + −
K′1O
yz (px, L-mode) + + − −
K′2O
xy (px, T-mode) + − − +
K3Oz
2
(pz, L-mode) + − + −
S x (L-mode) + − + −
S y (T-mode) + − + −
S z (T-mode) + + + +
Here, hω = gµBHωx and e3 = K3E
ω
z . As shown in Fig. 11,
the longitudinal state |L〉 is excited by the both S x and Oz2
operators inH ′. The transition probability is calculated as
WG→L = 2pi
∣∣∣〈L|H ′|G〉∣∣∣2 δ(ω − ∆ELG)
= 2pi
[
fmm(hMF)(hω)2 + fee(hMF)(eω3 )
2
+ fme(hMF)hωeω3
]
δ(ω − ∆ELG), (3.12)
with
fmm(hMF) = |〈L|S x|G〉|2 ,
fee(hMF) =
∣∣∣∣〈L|Oz2 |G〉∣∣∣∣2 ,
fme(hMF) = 〈G|S x|L〉 〈L|Oz2 |G〉 + h.c. (3.13)
Here, ∆ELG = EL − EG = 2
√
D2 + DhMF + h2MF is the en-
ergy difference between the |L〉 and |G〉 states. fmm(hMF) and
fee(hMF) represent the intensity for the pure magnetic and
electric channels, respectively. In Eq. (3.13), the fme(hMF)
term represents an interference between the magnetic and
electric channels. The characteristic point is that fme(hMF) is
an odd function of hMF, i.e. fme(−hMF) = − fme(hMF). This
comes from the fact that the matrix element of 〈G|S x|L〉 is an
odd function of hMF, whereas 〈L|Oz2 |G〉 is an even function.45)
In the ordered phase, the molecular fields are staggered be-
tween the A(a, a′) and B(b, b′) sites. This means that hMF in
Eq. (3.12) is reversed as hMF → −hMF on the B site. Since
fme(hMF) is an odd function of hMF and eω3 (K3) is staggered
between the two sites, the interference term does not cancel
9
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in the ordered phase, as expected by the symmetry analysis.
This point is summarized in Table II for the L-mode. After
adding the contributions from the four sites, we obtain
WG→L(a) + WG→L(a′) + WG→L(b) + WG→L(b′)
= 8pi
[
fmm(hMF)(hω)2 + fee(hMF)(eω3 )
2
+ fme(hMF)hωeω3
]
δ(ω − ∆ELG). (3.14)
Here, fme(hMF)hωeω3 is the value at the a site. This term rep-
resents the directional dichroism. In the present discussion,
we focused on the Co(1) site. The same argument holds for
the Co(2) site with different coupling constants Kn (n =
1, 2, 1′, 2′, 3).
The above discussion is based on the isolated picture of
a Co2+ ion. In the ordered phase, spin-wave excitations are
formed by the intersite interactions.10) For more precise anal-
ysis, we have to take this point into account. We consider then
the following perturbation Hamiltonian:
H ′ = −
∑
i
∑
µ
(
hωS xiµ + e
ω
µ3O
z2
iµ
)
. (3.15)
Here, i represents the ith unit cell and µ represents the µ(=
a1, a′1, a2, a
′
2, b1, b
′
1, b2, b
′
2) cite in the unit cell (see Fig. 1). The
important point is that both the matrix element 〈L|S xiµ|G〉 and
the coupling constant eωµ3 = Kµ3E
ω are staggered on the A
(µ = a1, a′1, a2, a
′
2) and B (µ = b1, b
′
1, b2, b
′
2) sites. There are
eight longitudinal spin-wave excitation modes in the first Bril-
louin zone, reflecting the eight Co sites in the unit cell. Each
L-mode has a finite excitation gap. The perturbation Hamil-
tonian in Eq. (3.15) connects the ground sate to a L-mode at
the Γ point (q = 0) in the first Brillouin zone. Since the ma-
trix element 〈L|(hωS xiµ + eωµ3Oz
2
iµ)|G〉 is staggered on the A and
B sites, the excited L-mode must be an optical one. As dis-
cussed in the isolated spin picture, this excitation causes the
directional dichroism. In the paramagnetic phase above the
Ne´el temperature, the dichroism disappears as the AF mo-
ment vanishes.
Next, we study the (Eωx ,H
ω
z ) configuration. As shown in
Fig. 11, this configuration probes the T-mode. The perturba-
tion Hamiltonian is given by
H ′ = −hωS z − eω1 Ozx − eω2 Ox
2−y2 − eω1′Oyz − eω2′Oxy. (3.16)
Here, hω = gµBHωz and e
ω
n = KnE
ω
x (n = 1, 2, 1
′, 2′). We
can discuss the directional dichroism by using Eqs. (3.12) and
(3.13) with the replacement of L→ Tm (m = 1, 2). Relation of
matrix elements of the spin and quadrupole operators between
various spin sites are summarized in Table II. For the (Eωx ,H
ω
z )
configuration, the matrix element 〈G|S z|Tm〉 is an even func-
tion of hMF, whereas 〈Tm|Ozx|G〉 is an odd function of hMF.45)
After the summation over the four sites, we can check from
Table II that the fme(hMF) term in Eq. (3.14) remains in the
(K1Ozx, S z) combination for the T-mode. Then, we obtain the
following term for the dichroism in the absorption rate:
8pi fme(hMF)hωeω1 δ(ω − ∆ETmG). (3.17)
Here, fme(hMF) = 〈G|S z|Tm〉 〈Tm|Ozx|G〉+h.c. and hωeω1 repre-
sent the values at the a site. ∆ETmG (m = 1, 2) is the excitation
energy given by
∆ETmG = hMF +
√
D2 + DhMF + h2MF
∓
√
D2 − DhMF + h2MF. (3.18)
Here, the ∓ are for m = 1 and 2, respectively.
Under a finite magnetic field for H ‖ z, the L- and T-modes
are mixed. The energy eigenvalues of the L- and T-modes at
H = 0 continuously evolve with the applied magnetic field
from the values at H = 0. The former and the latter modes are
detectable by electron spin resonance measurements with the
(Eωz ,H
ω
x ) and (E
ω
x ,H
ω
z ) configurations under H ‖ z, respec-
tively.
Under a strong field, the magnetic moment saturates and
the | 32 〉 state becomes the local ground state against the | 12 〉
state. In this case, we can also expect pure electric (quadrupo-
lar) excitation by the light absorption in the (Eωx ,H
ω
y ) con-
figuration, as in the paramagnetic phase. As shown in Fig.
8, the 32 → − 12 transition is caused by the Ox
2−y2 and Oxy
quadrupoles. According to the isolated spin picture as in Eq.
(3.4), the transition probability is given by
W 3
2→− 12 = 6pi
[
(eω2 )
2 + (eω2′ )
2
]
δ(ω + 2D − 2gµBHz). (3.19)
The slope of Hz in the resonance frequencyω of the quadrupo-
lar excitation is expected to be twice as that of the 32 → 12
transition, as observed in the Sr2CoGe2O7 case.30)
4. Summary and Discussions
We investigated the spin-dependent electric polarization
appearing in Co4Nb2O9 on the basis of the symmetry anal-
yses of the Co2+ ions in the P3¯c1 space group by the follow-
ing procedures. (i) Each Co2+ ion carries spin-dependent elec-
tric dipole operator. The spin dependence is expressed with
quadrupole operators. It is classified by the local point-group
symmetry with coupling constants for the quadrupoles and
shown in Eq. (2.2) for the C3 point-group symmetry.25) (ii)
For P3¯c1, there are inversion centers and twofold axes in the
unit cell. The spin dependence of the electric dipole operator
at each equivalent Co site is determined by the transforma-
tions with respect to the inversion center and the twofold axis
with the common coupling constants. (iii) The electric polar-
ization is obtained by adding the all contributions from the
expectation values of the electric dipole operators at the Co
sites.
For Co4Nb2O9, the electric polarization rotates in the basal
ab-plane with the rotation of the external magnetic field ap-
plied in the ab-plane. There are two components. One rotates
in the same direction at the same speed of the rotation of the
external field (θ-rotation), whereas the other rotates in the op-
posite direction at the twice speed (2θ-rotation). It is the uni-
versal property to have the two rotation components in the
presence of the threefold rotational axis, since the both com-
ponents rotate by 120◦ after the 120◦ rotation of the exter-
nal field. The 2θ-rotation component well explains the exper-
imental result. The θ-rotation component appears when the
external magnetic field inclines toward the c-axis from the ab-
plane, which can be explored by future measurements.
As demonstrated in Co4Nb2O9, the symmetry analysis of
the spin-dependent electric dipole operator is very powerful
for understanding magnetoelectric effects in specific mate-
rials. We emphasize that the procedures (i)-(iii) mentioned
above are useful for various quantum spin systems showing
magnetoelectric effects when the magnetic ion with S ≥ 1
possessing the quadrupole degrees of freedom occupies a
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site lacking the inversion symmetry. The advantage of the
theory is that the essential spin-dependence of the electric
dipole operator can be grasped by the symmetry analysis of
the space group (including the point group at each magnetic-
ion site) without going into its microscopic origin. It is use-
ful not only for the electric polarization but also to know
other related magnetoelectric effects such as optical proper-
ties. In Co4Nb2O9, we suggest that it is worthwhile to confirm
the quadrupolar excitations and various types of observable
dichroism summarized in Table I in future experiments.
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Appendix A: Expectation Values of Spin and
Quadrupole Operators under Magnetic
Field
Let us begin with the following local Hamiltonian for a spin
under a magnetic field (Hx, 0,Hz):
H0 = D(S z)2 − gµB(HxS x + HzS z). (A·1)
The magnetic field is applied in the zx-plane. In the absence
of the field, the system has a rotational symmetry around the
z-axis. Under the finite field, the ground state has no degener-
acy. With respect to the time reversal operation Θ, spin oper-
ators are transformed as Θ(S x, S y, S z)Θ−1 = (−S x,−S y,−S z).
We also consider a mirror operation perpendicular to the y-
axis. It is a unitary transformation and is denoted by σy.
For the mirror operation, the spin operators are transformed
as σy(S x, S y, S z)σ−1y = (−S x, S y,−S z). We can see that the
Hamiltonian is invariant under the σyΘ transformation, i.e.
(σyΘ)H0(σyΘ)−1 = H0. The ground state |g〉 is then an eigen
state of σyΘ as
σyΘ|g〉 = λ|g〉. (A·2)
Here, λ is the eigenvalue. Since σyΘ is not Hermitian, λ can
be complex.
We next calculate the expectation value of S x as follows:35)
〈g|S x|g〉 = 〈Θg|ΘS xΘ−1|Θg〉
= − 〈Θg|S x|Θg〉
= − 〈σyΘg|σyS xσ−1y |σyΘg〉
= |λ|2 〈g|S x|g〉 . (A·3)
This assures |λ|2 = 1. Equation (A·3) also holds when we
replace S x with S z. As for S y, we obtain
〈g|S y|g〉 = − 〈g|S y|g〉 , (A·4)
owing to σyS yσ−1y = S y. This indicates that 〈g|S y|g〉 = 0. On
the other hand, the expectation values of S x and S z can be
finite. Therefore, the spin lies is in the zx-plane for |g〉. This
is a natural result for the ground state of the Hamiltonian Eq.
(A·1).
With respect to the time reversal operation,
quadrupole operators are transformed as ΘOmΘ−1 =
Om. As for the mirror operation, they are trans-
formed as σy(Oyz,Ozx,Oxy,Ox
2−y2 ,Oz2 )σ−1y =
(−Oyz,Ozx,−Oxy,Ox2−y2 ,Oz2 ). In the same manner as
Eqs. (A·3) and (A·4), we obtain 〈g|Oyz|g〉 = 〈g|Oxy|g〉 = 0.
Notice that the expectation values of the other components of
the quadrupole operators can be finite.
We next consider spin rotation around the z-axis. When the
spin rotates around the z-axis by angle φs from the |g〉 state,
the corresponding state is given by
|φs〉 = e−iS zφs |g〉 (A·5)
in ~ = 1 unit. With respect to the unitary transformation U =
e−iS zφs , the operators are transformed as
U†
S
x
S y
S z
 U =
cos φsS
x − sin φsS y
cos φsS y + sin φsS x
S z
 , (A·6)
U†

Oyz
Ozx
Oxy
Ox
2−y2
Oz
2
 U =

cos φsOyz + sin φsOzx
cos φsOzx − sin φsOyz
cos 2φsOxy + sin 2φsOx
2−y2
cos 2φsOx
2−y2 − sin 2φsOxy
Oz
2

.
After the spin rotation, expectation value of an operator A is
calculated as 〈φs|A|φs〉 = 〈Ug|A|Ug〉 = 〈g|U†AU |g〉. In case
of the spin and quadrupole operators, we obtain〈S
x〉
〈S y〉
〈S z〉
 =
cos φs 〈S
x〉g
sin φs 〈S y〉g
〈S z〉g
 ,

〈Oyz〉
〈Ozx〉
〈Oxy〉
〈Ox2−y2〉
〈Oz2〉
 =

sin φs 〈Ozx〉g
cos φs 〈Ozx〉g
sin 2φs 〈Ox2−y2〉g
cos 2φs 〈Ox2−y2〉g
〈Oz2〉g

. (A·7)
Here, the expectation values represent 〈· · ·〉 = 〈φs| · · · |φs〉 and
〈· · ·〉g = 〈g| · · · |g〉, and we used 〈S y〉g = 〈Oyz〉g = 〈Oxy〉g = 0.
When the spin is rotated, Eq. (A·7) indicates that expectation
values become 〈S x〉 ∝ cos φs, 〈S y〉 ∝ sin φs, 〈S z〉 =constant,
〈Ozx〉 ∝ cos φs, 〈Oyz〉 ∝ sin φs, 〈Ox2−y2〉 ∝ cos 2φs, 〈Oxy〉 ∝
sin 2φs, and 〈Oz2〉 =constant. These relations on the spin oper-
ators hold for general values of spin S . On the other hand, the
relations on the quadrupole operators hold for S ≥ 1 spin sys-
tems having the quadrupole degrees of freedom. For S = 1/2,
notice that the quadrupole operators vanish.
Appendix B: Spin-Dependent Electric Dipole for Cubic
Point Group
Spin-dependent electric dipole can be present in the ab-
sence of the inversion symmetry. In cubic systems, T and Td
point group symmetries match this condition and the electric
dipole is given by25)
px = KOyz, py = KOzx, pz = KOxy, (B·1)
where (x, y, z) = xex + yey + zez and ei (i = x, y, z) are the unit
vectors in the principal axes: ex = (1, 0, 0), ey = (0, 1, 0), and
ez = (0, 0, 1). The common constant K represents the equiva-
lency of the x-, y-, and z-axes in the cubic symmetry. For the
later convenience, we rewrite Eq. (B·1) in the following form:
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Fig. B·1. (Color online) x˜y˜z˜ coordinate. The unit vectors are taken as e˜z =
( 1√
3
, 1√
3
, 1√
3
), e˜y = ( 1√2 ,−
1√
2
, 0), e˜x = e˜y × e˜z = (− 1√6 ,−
1√
6
, 2√
6
).
pα = S βKαβγS
γ. Here, Kαβγ are third-rank tensors given by
Kx =
0 0 00 0 K0 K 0
 ,
Ky =
0 0 K0 0 0K 0 0
 ,
Kz =
0 K 0K 0 00 0 0
 . (B·2)
In the cubic symmetry, there are threefold axes along the
[111] and its equivalent directions. We take the z˜-axis along
the [111] direction. The x˜- and y˜-axes are taken perpendicular
to the z˜-axis, as shown in Fig. B·1 We introduce the following
unitary transformation U whose matrix elements are given by
Ui j = e˜i · e j:
U =

− 1√
6
− 1√
6
2√
6
1√
2
− 1√
2
0
1√
3
1√
3
1√
3
 (B·3)
We express S α and S˜ α as the α component of the spin oper-
ators in the xyz and x˜y˜z˜ coordinates, respectively. S α is rep-
resented as S α = U†αβS˜
β. In the same way, pα ( p˜α) is the α
component of the electric dipole in the xyz (x˜y˜z˜) coordinate.
p˜α is expressed as
p˜α = Uαα′ pα
′
= Uαα′S β
′
Kα
′
β′γ′S
γ′
= S˜ β
(
Uαα′Uββ′Kα
′
β′γ′U
†
γ′γ
)
S˜ γ
= S˜ βK˜αβγS˜
γ. (B·4)
Here,
K˜αβγ = Uαα′Uββ′K
α′
β′γ′U
†
γ′γ (B·5)
is the tensor for the electric dipole in the x˜y˜z˜ coordinate. The
α(= x, y, z) components are given by
K˜x = K

√
2
3 0 − 1√3
0 −
√
2
3 0
− 1√
3
0 0
 ,
K˜y = K

0 −
√
2
3 0
−
√
2
3 0 − 1√3
0 − 1√
3
0
 ,
K˜z = K

− 1√
3
0 0
0 − 1√
3
0
0 0 2√
3
 . (B·6)
Substituting Eq. (B·6) into Eq. (B·4), we obtain(
p˜x
p˜y
)
=
(
O˜zx O˜x
2−y2
O˜yz −O˜xy
) − 1√3 K√ 2
3 K
 ,
p˜z = O˜z
2
K. (B·7)
Here, O˜m (m = yz, zx, xy, x2 − y2, z2) represent the quadrupole
operators in the x˜y˜z˜ coordinate.
Appendix C: Directional dichroism
Let us give a short summary on appearance of the di-
rectional dichroism. We consider the following perturbation
Hamiltonian for light absorption:
H ′ = −gµBHωS α − EωPβ. (C·1)
Here, Hω and Eω are alternating magnetic and electric fields
of light, respectively. S α and Pβ are the α and β components of
the total spin and total electric dipole operators, respectively.
When a transition from an initial state |i〉 to a finial state | f 〉 is
cause by a light, the absorption rate is proportional to
| 〈 f |
(
gµBHωS α + EωPβ
)
|i〉 |2. (C·2)
C.1 Inversion symmetry
First, we discuss the transformation of the total electric
dipole with respect to the inversion operation in Co4Nb2O9.
The β component of the total electric dipole operator can be
written as Pβ = pβa + p
β
b + p
β
a′ + p
β
b′ , where the electric dipole
at each site is given by Eqs. (2.6), (2.7), (2.8), and (2.9). The
dipole is described by quadrupole operators. They are invari-
ant under the inversion transformation I as IOmI−1 = Om
(m = yz, zx, xy, x2 − y2, z2), whereas the site indexes for the
quadrupole operators are interchanged as a↔ b and a′ ↔ b′.
Since the coefficient K between p and O is staggered be-
tween the a ↔ b and a′ ↔ b′ sites (see Table II), we obtain
I(pβa, p
β
b, p
β
a′ , p
β
b′ )I
−1 = (−pβb,−pβa,−pβb′ ,−pβa′ )I−1. This leads
to the general result of IPβI−1 = −Pβ.
When the Hamiltonian is invariant under the inversion
transformation, the energy eigenstates are classified by the
parity as I|i〉 = λIi |i〉 and I| f 〉 = λIf | f 〉. Here, λIi and λIf are
eigenvalues and take +1 or −1. In this case, the matrix ele-
ment is calculated as
〈 f |(Hs +Hp)|i〉 = 〈I f |I(Hs +Hp)I−1|Ii〉
= λIfλ
I
i 〈 f |(Hs −Hp)|i〉 . (C·3)
Here, Hs = gµBHωS α and Hp = EωPβ, and we used
IS αI−1 = S α and IPβI−1 = −Pβ. Then, we obtain
| 〈 f |(Hs +Hp)|i〉 |2 = | 〈 f |(Hs −Hp)|i〉 |2. (C·4)
This means that the value is the same under (Hp,Hs) →
(−Hp,Hs) or (Hp,Hs)→ (Hp,−Hs) transformations, i.e. the
absorption rate is the same when the direction of light is re-
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Table C·1. Transformations of electromagnetic fields by Eqs. (3.7) and
(3.9) for C2y and σcyΘ, respectively. We consider circularly polarized light
here. We take amplitudes of the fields as unity. (±x,L) represent the left cir-
cularly polarized lights propagating along the ±x directions, respectively.
(±x,R) are for the right circularly polarized light. The lights propagating
in the y and z directions are expressed in the same way. Let us consider a
light propagating in the x direction, for instance. For the initial field, we con-
sider the left circularly polarized light here. Notice that the same argument
also holds for the right circularly polarized light by interchanging L ↔ R.
In the presence of C2y, (+x,L) is transformed into (−x,L). This means that
the absorption rate is invariant as WL(+x) = WL(−x) and magnetic circular
dichroism (MCD) does not appear. Definitions of various types of dichro-
ism are given in the caption of Table I. In the presence of σcyΘ, (+x,L) is
transformed into (−x,R). This means that the absorption rate is invariant
as WL(+x) = WR(−x) and natural circular dichroism (NCD) does not ap-
pear. In the presence of both C2y and σcyΘ, (+x,L) can be transformed into
(+x,R). This assures WL(+x) = WR(+x) and circular dichroism (CD) does
not appear. For a light propagating in the y direction, there is no restriction
in the absorption rate with respect to the ± directions of the propagation and
both MCD and NCD can appear. In the presence of σcyΘ, on the other hand,
WL(+y) = WR(+y) and CD does not appear.
Electromagnetic Fields Initial C2y σcyΘ
x-propagation (+x,L) (−x,L) (−x,R)
Eω (0, 1, i) (0, 1,−i) (0, 1, i)
Hω (0,−i, 1) (0,−i,−1) (0, i,−1)
y-propagation (+y,L) (+y,L) (+y,R)
Eω (i, 0, 1) (−i, 0,−1) (i, 0,−1)
Hω (1, 0,−i) (−1, 0, i) (−1, 0,−i)
z-propagation (+z,L) (−z,L) (−z,R)
Eω (1, i, 0) (−1, i, 0) (−1,−i, 0)
Hω (−i, 1, 0) (i, 1, 0) (−i, 1, 0)
versed as (Eω,Hω) → (−Eω,Hω) or (Eω,Hω) → (Eω,−Hω).
This indicates that the directional dichroism does not appear
in the presence of the inversion symmetry. In the absence of
the inversion symmetry, Eq. (C·4) does not hold and the ab-
sorption rate can be different when the direction of light is
reversed.
C.2 Time-reversal symmetry
When the Hamiltonian is invariant under the time-reversal
transformation Θ, the energy eigenstates are also eigenstates
of Θ as Θ|i〉 = λΘi |i〉 and Θ| f 〉 = λΘf | f 〉. Here, λΘi and λΘf are
eigenvalues for |i〉 and | f 〉, respectively. They are complex and
satisfy |λΘi | = |λΘf | = 1. Here, we assumed that the |i〉 and | f 〉
states have no degeneracy. The matrix element is calculated
as35)
〈 f |(Hs +Hp)|i〉 = 〈i˜|Θ(Hs +Hp)Θ−1| f˜ 〉
=
(
λΘi
)∗
λΘf 〈i|(−Hs +Hp)| f 〉 . (C·5)
Here, we introduced |i˜〉 = Θ|i〉 and | f˜ 〉 = Θ| f 〉, and used
ΘS αΘ−1 = −S α and ΘPβΘ−1 = Pβ. Then, we obtain
| 〈 f |(Hs +Hp)|i〉 |2 = | 〈 f |(−Hs +Hp)|i〉 |2. (C·6)
The value is the same under the (Hp,Hs) → (−Hp,Hs) or
(Hp,Hs) → (Hp,−Hs) transformations and the directional
dichroism does not appear in the presence of the time-reversal
symmetry.
When the |i〉 and | f 〉 states have degeneracy, as in half-
integer spin cases, the |i˜〉 and | f˜ 〉 states are their Kramers’
partners, respectively. In this case, we consider the following
Table D·1. Transformations of electromagnetic fields by Eqs. (3.7) and
(3.9) for C2y and σcyΘ, respectively. We consider linearly polarized light here.
In this case, the results becomes the same between C2y and σcyΘ. We take
amplitudes of the fields as unity. ±x, ±y, and ±z represent lights propagating
along the corresponding directions. θ represents the direction of a linearly po-
larized light. When a light propagates in the x direction, the +x propagation
is transformed into the −x one. However, the electromagnetic fields are not
equivalent after the transformation. This means that the absorption rates can
be different between the +x and −x propagations. On the other hand, the elec-
tromagnetic fields become equivalent for specific values of θ as θ = 0,± pi2 , pi.
For these directions of the polarization, the absorption rate is invariant as
W(+x) = W(−x) and directional dichroism (DD) does not appear. When the
light propagates in the y direction, there is no restriction in the absorption rate
and DD can appear in any directions of the polarization.
Electromagnetic Fields Initial C2y, σcyΘ
x-propagation +x −x
Eω (0, cos θ,− sin θ) (0, cos θ, sin θ)
Hω (0, sin θ, cos θ) (0, sin θ,− cos θ)
y-propagation +y +y
Eω (− sin θ, 0, cos θ) (sin θ, 0,− cos θ)
Hω (cos θ, 0, sin θ) (− cos θ, 0,− sin θ)
z-propagation +z −z
Eω (cos θ,− sin θ, 0) (− cos θ,− sin θ, 0)
Hω (sin θ, cos θ, 0) (− sin θ, cos θ, 0)
matrix elements for the degenerate initial and final states:
| 〈 f |(Hs +Hp)|i〉 |2 + | 〈 f˜ |(Hs +Hp)|i˜〉 |2
+ | 〈 f˜ |(Hs +Hp)|i〉 |2 + | 〈 f |(Hs +Hp)|i˜〉 |2
= | 〈 f |(Hs +Hp)|i〉 |2 + | 〈i|Θ(Hs +Hp)Θ−1| f 〉 |2
+ | 〈 f˜ |(Hs +Hp)|i〉 |2 + | 〈i|Θ(Hs +Hp)Θ−1| f˜ 〉 |2
= | 〈 f |(Hs +Hp)|i〉 |2 + | 〈 f |(−Hs +Hp)|i〉 |2
+ | 〈 f˜ |(Hs +Hp)|i〉 |2 + | 〈 f˜ |(−Hs +Hp)|i〉 |2. (C·7)
The value is the same under the (Hp,Hs) → (−Hp,Hs) or
(Hp,Hs) → (Hp,−Hs) transformations and the directional
dichroism does not appears, as in the nondegenerate case.
Thus, breaking of both the inversion and time-reversal sym-
metries are required for the appearance of the directional
dichroism.
Appendix D: Transformations of Electromagnetic
Fields Under C2y and σcyΘ Symmetries
In the presence of C2y, the absorption rate of light is invari-
ant under the transformation of electromagnetic fields given
by Eq. (3.7). Similarly, in the presence of σcyΘ, the absorption
rate is invariant under the transformation given by Eq. (3.9). In
Tables C·1 and D·1, we list the transformed electromagnetic
fields for circularly and linearly polarized lights, respectively.
In case of a left circularly polarized light propagating in
the +z direction, for instance, we express the electromagnetic
fields as
E = 2Eω (cos(kz − ωt),− sin(kz − ωt), 0) ,
H = 2Hω (sin(kz − ωt), cos(kz − ωt), 0) . (D·1)
For the later convenience, we took 2Eω and 2Hω as the
amplitudes of the electric and magnetic fields, respectively.
When we consider a light absorption process, the cosine
and sine terms are treated as cos(kz − ωt) → 12 e−iωt and
sin(kz − ωt) → −i 12 e−iωt. Here, we assumed that the wave-
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length is much larger than the sample size and neglected the
spatial dependent kz term. For the circularly polarized light,
the electromagnetic fields in the matrix element in Eq. (3.5)
are expressed as
Eω = Eω(1, i, 0), Hω = Hω(−i, 1, 0). (D·2)
This expression is used in Table C·1.
Appendix E: Matrices of S = 3/2 Spin Operators
The matrix forms of the S = 3/2 spin operators are ex-
pressed as
S x =

0
√
3
2 0 0√
3
2 0 1 0
0 1 0
√
3
2
0 0
√
3
2 0
 ,
S y =

0 −i
√
3
2 0 0
i
√
3
2 0 −i 0
0 i 0 −i
√
3
2
0 0 i
√
3
2 0
 ,
S z =

3
2 0 0 0
0 12 0 0
0 0 − 12 0
0 0 0 − 32
 . (E·1)
Appendix F: Matrices of Quadrupole Operators for S =
3/2
The quadrupole operators are expressed as
Oyz = S yS z + S zS y =
√
3

0 −i 0 0
i 0 0 0
0 0 0 i
0 0 −i 0
 ,
Ozx = S zS x + S xS z =
√
3

0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0
 ,
Oxy = S xS y + S yS x =
√
3

0 0 −i 0
0 0 0 −i
i 0 0 0
0 i 0 0
 ,
Ox
2−y2 = (S x)2 − (S y)2 = √3

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0
 ,
Oz
2
=
1√
3
[
3(S z)2 − S2
]
=
√
3

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1
 .
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transformation, we can obtain
C2zH0(hMF)C−12z C2z |m〉 = EmC2z |m〉
H0(−hMF)|m˜〉 = Em |m˜〉.
Here, |m˜〉 = C2z |m〉 is the energy eigenstate with Em
for H0(−hMF). The spin and quadrupole operators are
transformed as C2z(S x, S y, S z)C−12z = (−S x,−S y, S z) and
C2z(Oyz,Ozx,Oxy,Ox
2−y2 ,Oz2 )C−12z = (−Oyz,−Ozx,Oxy,Ox
2−y2 ,Oz2 ).
The matrix elements are calculated as
〈l|(S x, S y, S z)|m〉
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